The interacting boson model with configuration mixing, with parameters derived from the selfconsistent mean-field calculation employing the microscopic Gogny energy density functional, is applied to the systematic analysis of the low-lying structure in Hg isotopes. Excitation energies, electromagnetic transition rates, deformation properties, and ground-state properties of the 172−204 Hg nuclei are obtained by mapping the microscopic deformation energy surface onto the equivalent IBM Hamiltonian in the boson condensate. These results point to the overall systematic trend of the transition from the near spherical vibrational state in lower-mass Hg nuclei close to 172 Hg, onset of intruder prolate configuration as well as the manifest prolate-oblate shape coexistence around the mid-shell nucleus 184 Hg, weakly oblate deformed structure beyond 190 Hg up to the spherical vibrational structure toward the near semi-magic nucleus 204 Hg, as observed experimentally. The quality of the present method in the description of the complex shape dynamics in Hg isotopes is examined.
I. INTRODUCTION
Both shape transition and shape coexistence in finite nuclei have been a theme of major interests in the field of low-energy nuclear structure study. In particular, significantly low-lying excited 0 + states close in energy to the 0 + ground-state have been observed in some nuclei, that reveal the coexistence of different intrinsic shapes. Numerous efforts have already been made to better understand the nature of such stunning shape phenomena from both the theoretical and experimental sides (see Refs. [1] [2] [3] [4] [5] for review).
In terms of the nuclear shell model [6] [7] [8] [9] [10] [11] , the emergence of low-lying excited 0 + states can be traced back to multiparticle-multihole excitations. This scenario applies to the neutron-deficient nuclei in the Lead region with Z ≈ 82. In this case, two or four protons are excited from the Z = 50−82 major shell across the Z = 82 closed shell to the h 9/2 orbit. The residual interaction between the valence protons and neutrons becomes subsequently enhanced, leading to the lowering of the excited 0 + energies. This effect is most significant around the neutron mid-shell N = 104.
From the experimental side, extensive γ-ray spectroscopic studies have opened up a vast opportunity to extend the knowledge of the precise low-lying structure of neutron-deficient Hg isotopes (cf. [4, 5] for review). As observed [4] , the second 0 + energy level becomes noticeably lower as a function of the neutron number, starting from around the 188 Hg down to the middle of the major * Electronic address: nomura@ikp.uni-koeln.de
shell N = 104. This 0 + 2 excited state reaches a minimum in energy around 182 Hg and then goes up from 180 Hg to 178 Hg [12] . The energy levels of the yrast 2 + , 4 + and 6 + states become much higher in 172,174,176 Hg, suggesting the transition to spherical vibrational states [4] . This picture is quite vividly observed in the parabolic trend of the states, which may belong to the band built on the low-lying excited 0 + state, as functions of the neutron number in the Hg chain. On the other hand, from around 192 Hg to the heavier isotopes, the observed energy levels of the yrast band remain almost constant toward the N = 126 closed shell and form the deformed rotational band [13] . Given the recent advances in the experimental studies, it is quite timely, as well as significant, to address, through a theoretical description of the relevant spectroscopy comparable to the experiments, the important issues of the origin of the low-lying excited 0 + state and the corresponding shape dynamics in the neutrondeficient Hg isotopes.
Let us stress, that these heavy mass systems are currently beyond the reach of large-scale shell-model studies with a realistic configuration space and nucleon-nucleon interaction. Therefore a drastic truncation scheme is required to make the problem more feasible. Such a framework is provided by the interacting boson model (IBM) [14] , which employs the monopole s and quadrupole d bosons, associated to the J π = 0 + and 2 + collective pairs of valence nucleons, respectively [15] [16] [17] . The collective levels and the transition rates are generated by the diagonalization of the boson Hamiltonian composed of only a few essential interaction terms. To handle the configuration mixing in the IBM framework, Duval and Barrett proposed to extend the boson Hilbert space to the direct sum of the configuration sub-spaces correspond-ing to the 2np-2nh excitation (n = 0, 1, 2 . . .) that comprises N B + 2n bosons [18] . Various features relevant to the shape coexistence phenomena in the Pb region have been investigated within the IBM configuration mixing model: the empirical collective structures from Po down to Pt isotopes [19] [20] [21] [22] [23] , geometry and phases [24] [25] [26] , and the algebraic features (in terms of the so called intruder spin) [27] [28] [29] . Nevertheless, one of the main difficulties was that, since too many parameters are involved in this prescription, one has to specify the form of the model Hamiltonian rather a priori and/or simply select the parameters by the fit to available data.
On the other hand, the energy density functional (EDF) framework has been successful in the selfconsistent mean-field study of bulk nuclear properties and collective excitations [30] with various classes of effective interactions, e.g., Skyrme [31, 32] , Gogny [33] , and those used within relativistic mean-field (RMF) models [34, 35] . The mean-field approximation provides the coexisting minima in the deformation energy surface, which are associated to the different intrinsic geometrical shapes [36] . Deformation properties and collective excitations, relevant to the shape coexistence in the neutrondeficient Pb and Hg isotopes, have been investigated using Skyrme [37, 38] , Gogny [39] [40] [41] [42] [43] [44] and the RMF interactions [45] as well as within the Nilsson-Strutinsky method [36, 46] . Recently, a systematic study of the lowlying states in the Lead region has been performed within the number and angular-momentum projected generator coordinate method with axial symmetry, employing the Skyrme EDF [47] .
A method of deriving the IBM Hamiltonian by combining the density functional framework with the IBM has been developed in Ref. [48] . Within this method, excitation energies and transition rates are calculated by mapping the deformation energy surface, obtained from the self-consistent mean-field calculation with a given EDF, onto the equivalent IBM Hamiltonian in the boson condensate. This idea has been applied to the mixing of several multiparticle-multihole configurations in Lead isotopes [49] on the basis of the Duval-Barrett's technique.
In this paper, we apply the above methodology of deriving the configuration mixing IBM-2 Hamiltonian parameters from the microscopic Gogny-EDF quantities to the systematic analysis of low-lying states in a number of Hg isotopes with mass A = 172 − 204, with the focus being on the relevant spectroscopy related to the coexistence of different intrinsic shapes around the mid-shell nucleus 184 Hg. The optimal choice of the configuration mixing IBM Hamiltonian consistent with the EDF-based calculations is identified, and the quality of the procedure to extract configuration mixing IBM Hamiltonian is addressed. We shall use the parametrization D1M of the Gogny-EDF [50] , that has been shown (see, for instance [51] [52] [53] ) to have a similar predictive power in the description of nuclear structure phenomena as the more conventional D1S [54] parameter set. Therefore, another motivation of this work is to test the validity of the new parametrization D1M to the nuclei in Lead region. This paper is organized as follows: our theoretical framework is briefly summarized in Sec. II. We then show the microscopic (i.e., EDF) and the mapped energy surfaces in the considered Hg isotopes in Sec.III, followed by the systematic calculations, including the energy levels, deformation properties (spectroscopic quadrupole moment and the transition quadrupole moment), and the ground-state properties (mean square charge radii and binding energies) in Sec. IV. The detailed spectroscopy of selected nuclei exhibiting shape coexistence is discussed in Sec. IV whereas Section V is devoted to the concluding remarks. Finally, in appendix A the mapping procedure is described in detail.
II. FRAMEWORK
We first perform a set of constrained Hartree-FockBogoliubov (HFB) calculations using the Gogny-D1M [50] EDF to obtain the corresponding mean-field total energy surface in terms of the geometrical quadrupole collective variables q = (β, γ) [55] . Note that the energy surface in this context denotes the total mean-field energy as a function of the deformation variables q, where neither the mass parameter nor the collective potential is considered explicitly. In fact, we only consider the symmetry-unprojected HFB energy surface and do not include any zero-point energy corrections. Having the Gogny HFB energy surface, we subsequently map it onto the corresponding IBM energy surface, as described below.
Turning now to the IBM system, in order to treat the proton cross-shell excitation, we shall use the protonneutron IBM (IBM-2) because it is more realistic than the original version of the IBM (IBM-1), which does not distinguish between proton and neutron degrees of freedom. The IBM-2 comprises neutron (proton) s ν (s π ) and d ν (d π ) bosons, which reflect the collective pairs of valence neutrons (protons) [17] . The number of neutron (proton) bosons, denoted as N ν (N π ), equals half the number of the valence neutrons (protons). The doublymagic nuclei 164 Pb and 208 Pb are taken as the boson vacua (inert cores). As we show below, the Gogny-D1M energy surface exhibits two minima in 176−190 Hg and therefore up to 2p-2h proton excitations are taken into account to describe these nuclei. For the others, i.e., 172,174 Hg and 192−204 Hg, the corresponding energy surfaces exhibit a single mean-field minimum, which is supposed to be described by a single configuration. Therefore, for the nuclei 176−190 Hg, N π is fixed, N π = 1 and 3 for the 0p-0h and the 2p-2h configurations, respectively, while N ν varies between 8 and 11. On the other hand, for the nuclei 172,174 Hg, N π = 1 and N ν varies between 5 and 6 and between 1 and 7, respectively.
The IBM Hamiltonian of the system, comprising the normal 0p-0h and the 2p-2h configurations, is written as [18, 19] 
whereP i (i = 1, 3) stands for the projection operator onto the N π = i configuration space. The operatorĤ i is the Hamiltonian for the configuration with N π = i bosonŝ
where the first (2) represents the quadrupole-quadrupole interaction between the proton and neutron bosons witĥ Q χρ,i
(2) being the quadrupole operator. The sign of the sum χ ν,i +χ π,i specifies whether a given nucleus is prolate or oblate deformed. The third term is relevant for rotationally deformed systems, witĥ
(1) being the boson angular momentum operator. The fourth term on the right-hand side (RHS) of Eq. (2) stands for the three-body (cubic) boson term between the proton and neutron bosonŝ
which is identified with the one used in Ref. [56] . For each ρ = ν and π, there are five linearly independent combinations in Eq. (3), identified by the values L = 0, 2, 3, 4 and 6. In the present study, as in Ref. [56] , we only consider the L = 3 term, because its classical limit is proportional to cos 2 3γ the only term giving rise to a stable triaxial minimum at γ ≈ 30
• [56] . The three-body interaction has been restricted to act only between neutrons and protons since such proton-neutron correlation becomes more significant in medium-heavy and heavy nuclei. We have assumed κ
πνν,i ≡ κ ′′ i , for simplicity [56] . In Eq. (1), ∆ intr represents the energy off-set required to excite two protons from the Z = 50 − 82 to the Z = 82 − 126 major shells. In the same equation, the termĤ mix stands for the interaction mixing between the normal and the 2p-2h configurationŝ
where the parameters ω s and ω d are the mixing strength between the N π = 1 and the N π = 3 configurations. It should be noted that, for each configuration, the Hamiltonian in Eq. (2) adopts the simplest possible form, with a minimal number of parameters consistent with the most relevant topology of the EDF energy surface. Up to the third term, the RHS of Eq. (2) is the standard form frequently used in a number of IBM-2 calculations [14] . In the present study, we include the so calledL ·L term since we have a relatively large number of bosons, which leads to a deformed rotational spectrum. On the other hand, as we will see below, the microscopic energy surface of the considered Hg nuclei exhibits a triaxial minimum, which requires the inclusion of the cubic term in the IBM Hamiltonian [56] . The physical significance of both thê L ·L and the cubic terms has been discussed in detail in Refs. [57] and [56] , respectively.
The geometrical picture of a given IBM Hamiltonian is provided by the coherent-state framework [58] . Such a coherent state represents the boson intrinsic wave function specified by the deformation variables q = (β ν ,β π ,γ ν ,γ π ). One can takeβ ν =β π ≡β and γ ν =γ π ≡γ as the neutron and the proton deformations are approximately equal [55] . The deformationβ is assumed to be proportional to the one obtained within the HFB approximation while γ has been taken to be the same in both the HFB and IBM frameworks [58] .
In the IBM configuration mixing calculation one needs to consider the direct sum of the coherent state for the configuration with N π,i = i proton bosons [24] , denoted here as |Φ i (N π,i , β, γ) . The energy surface is obtained as the lower eigenvalue of the 2 × 2 coherent-state matrix [24] :
The diagonal matrix element
where ǫ
, and reads
We also assume hereafter ω s = ω d = ω for simplicity. The parameters ǫ
for the two independent IBM-2 Hamiltonians, the energy offset ∆ intr , and the mixing strength ω are determined following the procedure of Ref. [49] for the Lead isotopes having three mean-field minima, where the approximate separation of the coexisting mean-field minima was assumed. Since the procedure to determine all parameters is somewhat lengthy, we summarize it in Appendix A in order not to interrupt the major discussion of the paper.
As we show below, since the oblate HFB minimum occurs always at smaller deformation β (≈ 0.15) than the prolate one (β ≈ 0.25 − 0.3) in most of the nuclei exhibiting two minima, the Hamiltonians for the 0p-0h and 2p-2h configurations are associated to the oblate and the prolate minima, respectively. On the other hand, the locations of the oblate and the prolate minima on the β axis remain almost unchanged for the considered nuclei. As a consequence, the scale factors C β,i remain almost constant, i.e., C β,1 ≈ 3 and C β,3 ≈ 5 for 176−190 Hg. For nuclei with a single configuration (i.e., 172,174 Hg and 192−204 Hg) the C β,1 becomes larger as the N = 82 or 126 closed shells are approached. This is a consequence of the decreasing number of valence bosons and the displacement of the minimum towards the origin β = 0.
On the other hand, a further step is necessary to fix the coefficient of theL ·L term κ ′ i as this term only contributes to the energy surface in the same way as then d term but with a different coefficient 6κ ′ i (cf. Eq. (6)). By following the procedure of [57] , we derive the κ ′ i values so that the cranking moment of inertia for the boson intrinsic state [59] , which is calculated at the minimum for each unperturbed configuration with the parameters ǫ
and C β,i already fixed by the energy-surface mapping, becomes identical to the Thouless-Valatin moment of inertia [60] at its corresponding minimum on the HFB energy surface.
With all the parameters required for an individual nucleus at hand, the Hamiltonian in Eq. (1) is diagonalized in the enlarged model space consisting of the 0p-0h and the 2p-2h configurations in the boson m scheme. This gives the energy spectra and wave functions for the excited states, that can be used to compute other properties, as discussed in Sec. IV.
III. ENERGY SURFACES
The Gogny-D1M and the mapped energy surfaces of the 172−204 Hg nuclei are plotted in Figs. 1 and 2 in terms of the q = (β, γ) deformations. We have restricted the plots to configurations up to 3 MeV from the global minimum. Both the microscopic and the mapped energy surfaces give β 2 values consistent with earlier calculations such as the Nilsson-Strutinsky method [36] and the collective model approach based on the Gogny-D1S EDF [40] , where β 2 ≈ −0.15 and 0.25-0.3 for the oblate and prolate configurations, respectively. Overall, for each individual nucleus, the topology of the mapped IBM energy surface looks rather similar to the Gogny-D1M one. They both also follow similar systematic changes as a function of the neutron number, as expected.
Starting from 172 Hg in Fig. 1 , one sees a nearly spherical structure with a weakly deformed prolate configuration in both 172,174 Hg. The energy surface suddenly becomes softer along the γ = 0
• axis from 174 Hg to 176 Hg. The latter shows two minima with energies within a range of ≈ 120 keV. Both minima in 176 Hg are prolate with β ≈ 0.1 and β ≈ 0.25, respectively. On the other hand, the prolate minimum with β ≈ 0.3 becomes more pronounced in 178 Hg while a second one appears in the oblate side with β ≈ 0.13.
The Gogny-D1M energy surfaces for both 180,182 Hg display more developed prolate minima at β ≈ 0.3 while the oblate minimum at β ≈ 0.15 becomes gradually lower in energy when approaching 184 Hg for which the energy surface exhibit a softer γ-behavior. Within the HFB approximation, the prolate-oblate energy difference in the energy surface reaches a minimum in 186 Hg which signals the most prominent case of shape coexistence in the considered Hg chain. Note that, in 186 Hg, the higher minimum on the prolate side is a bit off the γ = 0
• axis, locating at γ ≈ 5
• . In 188 Hg, one can clearly see that the oblate minimum becomes energetically favoured over the one around γ ≈ 10
• on the prolate side. In 190 Hg only the oblate minimum survives.
For the heavier nuclei with A ≥ 192 in Fig. 2 , the prolate minimum diminishes and only the oblate one is seen in 194−196 Hg. This single oblate minimum becomes softer for A ≥ 198, and approaches β = 0. This implies a structural change from weakly oblate deformed to nearly spherical states. We have also found an almost pure spherical minimum in 204 Hg. It should be noted that the corresponding mapped IBM energy surfaces for 198−204 Hg look rather flat when compared with the Gogny-D1M ones. This is a consequence of the limited valance space in these nuclei, close to the shell closure N = 126, which is not large enough to reproduce the topology of the configurations with energies ∆E ≥ 1 MeV. Therefore, we have considered an energy range of up to 1 MeV for the IBM description of the nuclei 198−204 Hg.
The present calculations, based on the Gogny-D1M EDF, predict the oblate minimum to become the dominant one around 188, 190 Hg. This is consistent with earlier mean-field calculations based on the D1 [39] and D1S [40] parametrizations of the Gogny-EDF. Similar results have also been found using the Skyrme-SLy4 EDF [44] . On the other hand, and at variance with earlier studies with a deformed Woods-Saxson potential [36, 46] , our calculations predict prolate deformed ground states for some of the considered neutron deficient Hg isotopes. Let us stress that similar results, i.e., prolate ground states, are predicted with the Gogny-D1S parameter set (see compilation of the Gogny-D1S HFB results in [61]) as well as with other non-relativistic Skyrme [44, 47, 62] and relativistic NL3 [45] parametrizations. In fact, the so-called NL-SC (Shape Coexistence) parametrization of the relativistic mean-field Lagrangian, which has been specifically adjusted to describe binding energies, radii and deformation in the Lead region, has been introduced in Ref. [45] to account for these problem in the more standard NL3 set. All in all, the most standard relativistic and non-relativistic parametrizations, used to compute nuclear properties all over the nuclear chart, seem to predict prolate ground states at least for some of the neutron deficient Hg isotopes. In order to clarify the origin of this result we display in Fig 3 a Nilsson-like plot showing the evolution of the single particle energies of the HartreeFock Hamiltonian as a function of the axially symmetric quadrupole deformation parameter β 2 in the nucleus 182 Hg. The choice of this nucleus is guided by its two minima, one oblate and the other prolate. In the plot, we observe that the deformation of the prolate and oblate minima corresponds to the deformation where the proton h 9/2 and neutron i 13/2 orbitals cross the Fermi level. The prolate minimum is to be associated to the crossing of the K = 1/2 members of the orbitals whereas the oblate minimum to the occupancy of the high-K K = j members.
The derived IBM parameters [Eq. (1)] are depicted in Fig. 4 as a function of the mass number A. Similarly to its empirical boson number dependence [14, 17] , as well as to our previous findings [48, 63, 64] , the single d−boson energy ǫ shown in panel a) exhibits a parabolic behavior centered at mid-shell. This also agrees, with the empirical evolution of the 2 + excited state expected in a given isotope/isotone sequence. The ǫ 1 and ǫ 3 parameters roughly follow this empirical trend. Contrary to earlier phenomenological fitting calculations within the IBM with configuration mixing [18, 19] , the d boson energy for the intruder configuration ǫ 3 is always larger than the one for the normal configuration ǫ 1 . The interaction strengths κ 1,3 , shown in panel b), do not change too much. Nevertheless, they are several times larger than the phenomenological ones ( κ 1 ≈ −0.17 ∼ −0.14 MeV and κ 3 ≈ −0.14 ∼ −0.11 MeV) [20] . The reason is that the deformation energy, given by the depth of the minimum in the Gogny-D1M energy surface, turns out to be large compared to what is expected from the κ value used phenomenologically.
We observe in Figs. 4(c) and 4(d) that the sum χ ν +χ π is positive (negative) for the oblate (prolate) configuration, being consistent with the microscopic energy surface. In many of the phenomenological IBM configuration mixing calculations (e.g., [19] ), the 2p-2h configuration has been considered in the rotational SU(3) limit of the IBM [14] by taking χ ν,π = − √ 7/2 ≈ −1.3. The present result does not follow this trend as both the χ ν and χ π values for the 2p-2h configuration are smaller in magnitude than the SU(3) limit of − √ 7/2, reflecting a more pronounced γ-soft character for the intruder prolate 186 Hg. The energy needed to excite two protons across the Z = 82 closed shell becomes maximal for this mid-shell nucleus because the intruder 2p-2h configuration gains maximal energy through deformation. As can be observed from panel h), the mixing strength ω decreases with boson number toward the midshell.
IV. RESULTS AND DISCUSSION
In what follows, we compare the results obtained by diagonalizing the mapped IBM-2 Hamiltonian with the available experimental data. Results for spectroscopic observables, including excitation energies, B(E2) transition rates and quadrupole moments as well as groundstate properties (mean square charge radii and binding energies) are discussed.
A. Level energy systematics
The systematics of the excitation energies in the iso- for states with excitation energies up to 4 MeV. The theoretical energy levels, obtained through the diagonalization of the mapped IBM-2 Hamiltonian, are compared with the corresponding experimental data [4, 12, 13, 65, 66] , shown in panel (b). As can be seen in Fig. 5(a) Hg are predominantly 0p-0h and 2p-2h, respectively. On the other hand, the opposite behaviour is predicted for the 0 + 2 state in each of the two nuclei. Therefore, the present calculation suggests that the bandhead of the intruder configuration becomes energetically favoured at 178 Hg over the lowest 0 + state of the normal configuration. Note that, from the energy surfaces in Fig. 1 , both the 0p-0h and the 2p-2h configurations correspond to the prolate deformation in 176,178 Hg.
For the 180,182 Hg nucleus in Fig. 5(a) , however, the level energy of the 0 + 2 state is much higher than the corresponding experimental data [12, 13, 66] . As we will show later, this deviation of the 0 + 2 state is mainly due to the fact that the prolate-oblate energy difference is too large in the Gogny-D1M energy surface. Moreover, the present calculation predicts that the ground-state 0 Fig. 6 ). However, this contradicts the experimental finding [12, 67, 68] that the groundstate of these nuclei is weakly deformed oblate configuration. The reason for the contradiction is that, in the microscopic energy surfaces of 180,182 Hg (cf. Fig. 1 ), the prolate minimum is lower than the oblate one.
In both 184,186 Hg in Fig. 5(a) , the excited 0 + state comes lower in energy, below the 4 + 1 energy level. In 186 Hg, in particular, while the 2 + 1 level energy is lower than the experimental [13] value, the 0 + 2 excited state is predicted to be the intruder configuration and the oblate bandhead becomes the ground state, as shown in Fig. 6 . Also worth noting is that, similarly to 180,182 Hg, the 184 Hg is predicted to have the prolate ground state (see Fig. 6 ) in contradiction with the data [13] . From Fig. 6 , we notice that the two configurations are strongly mixed for each of the low-lying states of 184, 186 Hg. This strong mixing and the subsequent level repulsion may partly account for the kink observed in the calculated yrast states with J π ≥ 10 + at 184 Hg in Fig. 5(a) . In accordance with the evolution of deformation in each configuration, in Fig. 5(a) the yrast and the nonyrast states other than 0 + 2 states keep lowering toward the mid-shell N = 104, while these levels are generally higher than the experimental ones in Fig. 5(b) .
Most of the levels in Fig. 5 (a) increase their energies when going from the near mid-shell nuclei 184, 186 Hg to 188 Hg, a behaviour that is consistent with the experimental data in Fig. 5(b) . This sudden change in the energy level is also consistent with the Gogny EDF meanfield energy surface in Fig. 1 , where we observe that the intruder prolate minimum becomes less significant in 188 Hg than in 186 Hg. In the ground state of 188 Hg, the oblate normal configuration becomes much more populated than the intruder prolate configuration in Fig. 6 .
From Fig. 6 , one sees that only a small fraction of the intruder component plays a role in the low-lying states of 190 Hg. The excited 0 + state is originated almost purely from a single oblate configuration, consistently with the empirical observation [40] .
Back to Fig 
The excitation energies are much larger than the experimental values as a consequence of the IBM model space that excludes pure spherical configurations.
To summarize the results in Fig. 5(a) , we have shown that the present method describes the shape transition from the near spherical or weakly deformed structures to the manifest shape coexistence near the mid-shell nucleus 184 Hg, and to the weakly oblate deformed shapes and the vibrational structure near the N = 126 shell closure. Although the empirical evidence that the lowest two 0 + states of the nuclei around 184 Hg are originated either from the 0p-0h or the 2p-2h configurations is reproduced, a major deviation from experiment and from earlier phenomenological studies arises in the inverted level structure in 180,182,184 Hg and the too compressed 2 + 1 level energies overall. In the next section, Sec. IV B, we address these problems in more detail.
B. Shape coexistence
Of all the Hg isotopes, the nuclei 182,184,186,188 Hg near the neutron mid-shell N ≈ 104 are the ones exhibiting the most clear signatures of coexistence of different shapes. In order to identify the different components the level scheme, including both the in-band and the inter-band E2 transition rates is analyzed. To facilitate the comparison with the experimental data, the excited states shown below will be classified as either oblate or prolate bands based on the prolate-oblate predominance of the wave function of the state, shown in Fig. 6 , or alternatively on the E2 transition sequence.
The B(E2; J → J ′ ) transition rate reads
where |J (|J ′ ) represents the wave function of the initial (final) state with spin J (J ′ ). The E2 operatorT
is given asT
χρ,i ρPi , whereQ χρ,i ρ is identified with the quadrupole operator in Eq. (2). We consider the same χ ρ,i value as the one used in the diagonalization of the Hamiltonian in Eq. (1). This is equivalent to the so-called consistent-Q formalism in the IBM-1 [69] . The boson effective charge e ρ,i is assumed to be the same for protons and neutrons, i.e., e ν,i = e π,i ≡ e i . In order to obtain an overall systematic agreement with the typical experimental B(E2; 2 
1.
182 Hg
The detailed level scheme of the nucleus 182 Hg is shown in Fig. 7 . The spectra and the B(E2) transition strengths, computed from the mapped IBM-2 Hamiltonian based on the Gogny-D1M EDF, are compared with the relevant experimental [13] level scheme in the same figure.
The calculation predicts the ground-state band to have an intruder prolate nature, whereas experimentally the ground state of 182 Hg has been suggested to be of oblate nature [67] . A clear collective pattern is seen from the calculated E2 transition sequence for both the predicted prolate and oblate bands, while the experimental 10 + → 8 + , 8 + → 6 + and 6 + → 4 + E2 transition rates in the prolate band are underestimated in the present calculation. Major deviation from the experimental data occurs in the inter-band transition from the 4 + state in the prolate band to the 2 + state in the oblate band. The corresponding experimental value, B(E2; 4 2 ) = 0.5 W.u. appears to be too small, implying that the mixing effect is not significant. This could be relevant for the predicted level structure where, in comparison to the experimental data, the energy levels of the second band (which is of oblate nature in the present work) are systematically higher than those of the ground-state band, giving rise to a weak E2 transition. This problem is traced back to the unexpectedly large energy difference between the prolate and the oblate HFB minima (see, Fig. 1) .
A similar argument holds for 180 Hg, where the contents of the two configurations in the wave functions of the lowlying states look similar to the ones of 182 Hg (see Fig. 6 ).
184 Hg
The results for the 184 Hg nucleus shown in states indicate that the mixing between the two configurations may not have a significant effect. The reason for this discrepancy seems to be the same as in 182 Hg.
186 Hg
The empirical prolate-oblate assignment of the lowest two collective bands in 186 Hg suggests [70] that the band built on the 0 .3)% of the intruder 2p-2h configuration. In fact, the prolate configuration is quite notable in the mean-field energy surface shown in Fig. 1 . Our calculations seem to follow the experimental energy levels with up to J π = 4 + in the oblate band, the energy levels in the intruder prolate band, and some of the available B(E2) data. The deviation is seen in the stretching of the J π = 6 We also analyze the structure of higher-lying bands, including odd-spin states as there are sufficient experimental data to compare with. From Fig. 9 one sees that the present calculation also reproduces the excitation energies of odd-spin states rather well. The odd-spin states, 3 2 ), forms a quasi-γ, i.e., K π = 2 + , band for the prolate (oblate) configuration. These two quasi-γ bands seem to be close in energy, with 2 + bandheads being within 400 keV. One can also observe in both quasi-γ bands quite strong E2 transitions from the 3 + level to the corresponding 2 + bandhead, which is in the same order of magnitude as the 2 + → 0 + E2 transition in each K π = 0 + band, and those between the members of the quasi-γ band. Note that this prediction (i.e., the existence of the two quasi-γ bands) is consistent with the empirical assignment of these levels [40] , including the collective model description based on Gogny-D1S EDF. In addition, one should notice that the quasi-γ band in the prolate configuration looks similar to the one predicted within the rigid-triaxial rotor model of Davydov and Filippov, characterized by the the doublets (2 [71] . Empirically the DavydovFilippov picture is rarely realized. Therefore, the level structure in the proposed quasi-γ band of prolate nature (in Fig. 9 ) seems to be just a consequence of the mixing, which pushes up the energy levels of the even-spin states in the band.
From the comparison with the IBM phenomenology for 186 Hg [20] , we notice that the present result exhibits a similar level of agreement with the experiment regarding the energy spectra of the oblate ground-state band with J ≤ 6 + . Our result reproduces slightly better the 3
state while, as discussed in Sec. IV A, the prolate 0
band-head energy is a bit more overestimated. That the oblate band is the ground state and that the intruder prolate band is built on the 0 + 2 state, are consistent with the result of the most recent projected GCM calculation of the 186 Hg nucleus with the Skyrme SLy6 functional [72] (see Fig. 16 in [47] ). However, there is a certain quantitative difference between the two descriptions.
4.
188 Hg
For the 188 Hg nucleus, the results shown in Fig. 10 show a rather reasonable agreement between theory and experiment regarding the band structure and including the energy level of the 0 D1M−IBM 44(8) 400 (300) 200 (80) 290 (120) 80 ( from the ground-state oblate band [13] . A pronounced mixing between the two configurations is confirmed from the B(E2) values of the 6 
Mixing matrix element
In the last two sections we have found that, in the 186,188 Hg nuclei, the mixing between the two configurations can be too large for the low-spin states, resulting in some discrepancies with the experimental data. To shed some light into the origin of the mixing we display in Fig. 11 Hg which is larger than the corresponding experimental data, and also confirm the too strong mixing in these low-spin states. To compare with the schematic two-level mixing calculations, the present | Ĥ mix 0 + 1 | value of 281 keV for 186 Hg is of the same order of magnitude as the earlier result of > 110 keV [73] , but is much larger than a more recent result of 69 +25 −41 keV [74] .
For the 188 Hg nucleus, the mixing matrix element | Ĥ mix | ≈ 280 keV for the unperturbed 2 (cf. Fig. 11 ) could explain the quenching of the 2 + level and the stretching of J π ≥ 6 + level in the ground-state band, as shown in Fig. 10 . On the other hand, the mixing matrix element for the unperturbed 0
188 Hg is 371 keV, which seems to be large enough to account for the calculated 0 + 2 excitation energy of 1012 keV.
Discussion
To summarize the results of Sec. IV B, we list the main deficiencies of our model in its current version: (i) In 182 Hg (as well as 184 Hg), the predicted band structure is in contradiction with the empirical assignment, i.e., the ground-state band is of weakly deformed oblate nature.
(ii) In 184,186,188 Hg, irregular patterns appeared in some of the energy levels in the oblate band and in the B(E2) transitions between low-spin states. Overall, the 2 + 1 energy level has been predicted to have an energy too low in comparison with the experimental data.
A major reason for the inversion of the prolate and the oblate bands in 180,182,184 Hg could be the peculiar topology of the microscopic energy surface, i.e., the energy difference between the prolate and oblate mean-field minima. This seems to be quite likely since, as we have shown in the Gogny-D1M energy surfaces e.g., for
180 Hg ( 182 Hg) in Fig. 1 , the oblate minimum at β ≈ 0.15 looks higher in energy approximately by 1.1 (0.9) MeV than intruder prolate minimum at β ≈ 0.3. This prolate-oblate energy difference is too large to reproduce the energy spacing of the experimental 0 + 1 and 0 + 2 levels of ≈ 400 keV in 180,182 Hg, and to explain the empirical systematics, i.e., the weakly oblate deformed ground-state band. On the other hand, as pointed out in Sec. III, most of the standard EDF parameterizations, used for the global description of the nuclear properties over the whole periodic table, commonly predict the prolate ground state in the mean-field energy surface. We note that, in the recent beyond mean-field calculation on the low-lying structure in the neutron deficient Hg isotopes [47] , the prolate ground state has been predicted in the 180,182,184 Hg nuclei, similarly to our results.
Another reason can be that the IBM-2 parameters deduced with our method are not good enough to describe all the details of the experimental low-lying states. For instance, the too strong mixing in the low-spin states in 186,188 Hg can be traced back to the value for the mixing strength ω used in this work that perhaps is so large as to make the energy spacing between 0 + 1 and 0 + 2 states larger than experimental data. The discrepancies in the B(E2) systematics, as well as the stretching of the lower band, may arise from the fact that the derived quadrupolequadrupole interaction κ i is rather large, being more than twice as large as the one used in the earlier IBM-2 phenomenology [18] [19] [20] . Such large value of |κ i | reflects that the deformation energy, measured by the depth of the minimum, in the Gogny-D1M is unexpectedly large. This seems to be a common feature for any EDF parametrization, and is consistent with the conclusions in our previous studies in other isotopic chains (e.g., [63, 64] ). In the case where only a single minimum is concerned, the effect of the too strong quadrupole-quadrupole interaction could be effectively included in the boson effective charge, leading to a reasonable agreement with the experiment [56] . However, this is not the case with the present work because we consider much more complex systems with more then one configurations and also there are so many Hamiltonian parameters and (four) adjustable effective charges. Therefore, it is quite unlikely that a significantly better agreement with the experimental B(E2) systematics could be obtained only by adjusting the effective charges.
C. Spectroscopic quadrupole moment
To confirm from an alternative perspective whether each individual Hg nucleus is oblate or prolate deformed we have also analyzed the spectroscopic quadrupole moments for the lowest two 2 + excited states, which belong either to the first oblate or prolate band for the near midshell nuclei. The spectroscopic quadrupole moment Q (s) for a state with spin J reads
The overall systematic trend in Q (s) (2 + 1,2 ) seems to correlate well with the evolution of mean-field minima shown in Figs. 1 and 2 and with the structure of the corresponding wave functions in Fig. 6 .
The calculated quadrupole moments for the 2 shown in Fig. 12 Fig. 1 and the level scheme in Fig. 9 , where the ground state is oblate deformed. Nevertheless, the magnitude of Q (s) (2 + 1 ) < 0 for the 186 Hg nucleus is quite small, due to the significant effects of the configuration mixing in the 2 + 1 state (Fig. 6 ) and the triaxiality (Fig. 1) , as compared to other isotopes. From 188 Hg to the heavier isotopes, the predicted Q (s) systematics is in agreement with the energy surfaces in Figs. 1 and 2 , with Q (s) (2
, indicating the oblate ground-state band, both decreasing in magnitude as approaching the neutron shell closure N = 126.
D. Transition quadrupole moment
From the B(E2; J → J ′ ) transition rates, one can extract the transition quadrupole moment Q t (J → J ′ ) for which there are a number of available experimental data to compare with. Q t (J → J ′ ) is related to the B(E2; J → J ′ ) value through Figure 13 exhibits the calculated Q t (J → [68, 75, 76] . In each panel, the transitions between the yrast J + and (J − 2) + states and between the non-yrast ones are strong in most of the nuclei. In the nuclei around the mid-shell nucleus 184 Hg, the transition between the yrast states correspond to the in-band E2 transitions within 0p-0h or 2p-2h band with strong collectivity and are particularly large in Fig. 13 . One of the Q t values for the two in-band transitions follows the experimental data. On the other hand, the transitions between the yrast J + and the non-yrast (J − 2) + , or vice versa, are overall weak other than the 186 Hg nucleus in Figs. 13(a), 13(b) and 13(c) , and the 188 Hg in Figs. 13(c) and 13(d) , where the mixing between the two configurations turned out to be significant in the present calculation.
One can also deduce the deformation parameter β t (J → J − 2) from Q t through the relation
where R = 1.2A 1/3 fm. As examples, the calculated values β t (2 [75] , and as well as with the minimum at β ≈ 0.15 in the mean-field energy surfaces in Fig. 1 . However, the present β t (2 
E. Ground-state properties
It is worthwhile to compare the ground-state properties of the considered Hg nuclei obtained with the mean field calculation, with the wealth of the available experimental data. In this section we analyze the mean square charge radii and the binding energies. The former plays a relevant role as an indicator of the character of the ground state deformation.
In the HFB method, the charge radius is obtained as the mean value of the r 2 operator for each of the oblate and prolate minima. In the configuration mixing IBM-2 framework, the charge radius r 2 is connected to the matrix element of the E0 operator. The E0 operator 
with four parameters β i,ρ and γ i,ρ . The mean square radius r 2 is written as
represents the contribution from the inert core, which is omitted here since we discuss the r 2 values relative to a particular nucleus. For the parameters in the E0 operator of the IBM-2, we adapt the values used in the study of the isomer shift in 184−200 Hg [20] , β 1,ν = β 3,ν = −0.068 fm 2 , β 1,π = β 3,π = 0 fm 2 , γ 1,ν + γ 3,ν = −0.083 fm 2 and γ 1,π = γ 3,π = 0 fm 2 . For γ 1,ν and γ 3,ν , the average γ 1,ν = γ 3,ν = −0.0415 fm 2 is taken. Also, to make the radius in the IBM-2 change linearly when crossing the mid-shell, we approximately correct the boson number N ν,i in Eq. (12) so that N ν runs from 2 ( 204 Hg) to 17 ( 172 Hg) and should be replaced with N ′ ν = (126 − 2N ν )/2. In Fig. 14(a) we compare the mean square charge radii relative to the 198 Hg nucleus, δ r 2 A,198 = r 2 A − r 2 198 , calculated within the HFB and the IBM-2, with the experimental data taken from [77] . The HFB results for both the oblate and prolate minima have similar values for A = 174 − 176 and A = 190 − 204 and change linearly with mass. But around the near mid-shell nucleus 184 Hg, the HFB charge radius computed with the prolate minimum wave function becomes significantly larger than the one for the oblate minimum, being in a better agreement with the data for these nuclei exhibiting the prolate intruder configuration. The reason for this behaviour is the large quadrupole deformation for the minima in these nuclei. In this region, shape mixing would lead to a ground state charge radius in between the prolate and oblate results. Both the HFB radii obtained at the prolate and oblate minima have a linear behaviour with mass number similar to the experimental data. For the IBM-2 result, on the other hand, one should also notice the linear change with A, which furthermore turns out to be quite consistent with the data for 182−204 Hg, apart from a potential ambiguity in a particular choice of the E0 parameters. A future experiment should clarify how the δ r 2 systematics is extrapolated to A ≤ 180. Using the E0 operator in Eq. (12), we also calculate the ρ 
To compare with a few available data for 184 Hg ( 188 Hg) nucleus, the calculated and the experimental [79] It is also possible, in the present framework, to compare the calculated binding energy with the experiment. Figure 14 (b) displays the comparison between theoretical and the experimental [78] ground-state energy per nucleon E/A. The HFB results are based on the mean-field ground-state energies for oblate and prolate minima. In the IBM-2, on the other hand, the ground-state energy is obtained by including the global term in the Hamiltonian Eq. (1) which linearly depends on the number of bosons and is irrelevant to the deformation/excitation [14] . The global term is determined by adjusting the minimum of the boson energy surface to the HFB minimum (see [63] , for details). We observe in Fig. 14(b) that the calculated E/A for both IBM and HFB ground states exhibits similar pattern with mass number with respect to A ≈ 196 but that suggests a systematic underbinding by ≈ 50 keV in energy compare to the experimental data [78] . The relativistic Hartree-Bogoliubov calculation of E/A in Hg isotopes with the NL-SC functional also suggested [45] underbinding but those results with a deviation from the experiment ≈ 10 keV are more accurate than our result.
V. SUMMARY
The method used to derive the parameters of the Hamiltonian of the interacting boson model with configuration mixing from the constrained HFB calculations with Gogny D1M energy density functional has been applied to analyze the shape evolution and the relevant systematics of the low-lying collective states in Hg isotopes. The two independent Hamiltonians corresponding to the 0p-0h and the 2p-2h configurations, and the parameters relevant to the mixing, are derived without any fit to the data, by mapping the microscopic constrained energy surface onto the appropriate IBM-2 Hamiltonian in the boson condensate. The energy levels, B(E2) transition rates, quadrupole moments, and some ground-state properties (mean square charge radii and binding energies) are computed from this procedure.
From the microscopic mean-field calculation (cf. Hg nuclei with a single configuration follows the experimental trend rather well, and they correlate with the expectations from the microscopic calculation mentioned above. Also for the near mid-shell nucleus 184 Hg, the configuration mixing calculation reveals that the low-lying 0 + 2 arises either from the intruder 2p-2h or from the normal 0p-0h configuration. The theoretical prediction for 186, 188 Hg, that the oblate band is the ground-state band and that the intruder prolate band is the second lowest band, turned out to be consistent with the empirical assignment suggested experimentally.
Through the investigation of the detailed level scheme for each individual nucleus showing manifest shape coexistence we can point out the following discrepancies between the present calculation and experiment: (i) Particularly in 180,182 Hg, the 0 + 2 energy level is too high compared to the data and, (ii) contrary to the empirical assignment, the prolate intruder band becomes the ground-state band in 180,182,184 Hg. (iii) Overall, level structure and B(E2) systematics have not been fully reproduced, characterized by, e.g., too low 2 + 1 energy levels and the stretching in the energy levels of the higher-spin states in each band.
We have considered several possibilities to explain these problems: A peculiar topology of the microscopic energy surface and the too strong mixing between the two configurations in the IBM. The first possibility concerns the above-mentioned problems (i) and (ii), and is attributed to the property of the currently used density functional itself. This is perhaps most related to how the single-particle spectrum looks like in these 180,182 Hg nuclei, which should determine the shell gap at Z = 82 and thus the energy to create 2p-2h excitation of major importance in the description of the correct oblateprolate dominance in the mean field. In this respect, as investigated in [45] , it would be of interest to extend the EDF framework encompassing the complex nuclei showing different shapes as considered here. Concerning the latter possibility related to the mapping procedure, one could use a smaller mixing strength and offset in order to describe the correct level energy spacings and B(E2) systematics. Although these parameters relevant to the mixing are mainly dependent on the topology of the microscopic energy surface, the present Hamiltonian in Eq. (1) might be, therefore, too simple to reproduce every detail of the experimental low-lying structure. In fact, many of the phenomenological IBM calculations with configuration mixing considered more interaction terms and parameters in the Hamiltonian. However, determining even larger number of these parameters, including effective charges, from a single mean-field energy surface is apparently not reasonable. For this reason, an improved/extended mapping procedure to efficiently extract these interaction strengths may be worth to study.
A number of parameters are involved in the configuration mixing IBM Hamiltonian in Eq. (1), including offset energy ∆ intr and mixing strength ω. It is, therefore, not feasible to determine these parameters simultaneously through the mapping of the microscopic energy surface onto the boson energy surface. It is then necessary to determine the parameters with certain approximations.
First, we fix the parameters for each individual HamiltonianĤ 1 andĤ 3 (cf. Eq. (1)). This is done by fitting the coherent-state expectation value of the 0p-0h (E 11 (β, γ) ) and the 2p-2h (E 33 (β, γ) ) Hamiltonians (cf. Eq. (5)) to the oblate β min ≈ 0.15 and to the prolate β min ≈ 0.3 minima, respectively. We here assume that the mean-field energy surface can be separated into two parts in terms of γ variable, namely, 0
• ≤ γ ≤ γ bar and γ bar ≤ γ ≤ 60
• for prolate and oblate configurations, respectively. Here γ bar (0 • ≤ γ bar ≤ 60 • ) denotes the γ value corresponding to the barrier between the two minima (γ bar = 25
• for 186 Hg). In the case of 186 Hg, for instance, within the ranges 25
• ≤ γ ≤ 60
• and 0
• ≤ γ ≤ 25
• for the 0p-0h and the 2p-2h Hamiltonians, respectively, the parameters forĤ 1 andĤ 3 can be fixed separately, using the method of Refs. [48, 63] : The boson energy surface matches the microscopic energy surface in the basic topology only in the neighbourhood of each minimum, i.e., curvatures in both β and γ directions up to typically 2 MeV in energy from the minimum, of the microscopic energy surface. In this way, the mean effect of the fermion properties relevant to determining the low-energy structure of a given nucleus is simulated in the boson system [48, 63] . Note that, at this point, the mixing interaction is not introduced yet.
Secondly, having determined the strength parameters for each individual unperturbed HamiltonianĤ i (i = 1, 3) ǫ ′ i , κ i , χ ν,i , χ π,i , κ ′′ i and C β,i , which also appeared in Eq. (6), we then obtain the off-set energy ∆ intr so that the relative energy location of the oblate and the prolate HFB minima, denoted as δE Finally, the mixing interactionĤ mix is considered with the simplification of ω s = ω d = ω (see, main text). Partly due to this simplification, the analytical expression of the expectation value of the mixing interaction has not have an enough flexibility able to reproduce every detail of the topology around the barrier between the two mean-field minima. Because of this restriction, we assume that the interactionĤ mix should only perturbatively contribute to the energy surface, and the ω value is fixed so that the overall topology around the barrier becomes similar to the one in the mean-field energy surface. This assumption, as well as the approximate equality in Eq. (A1), seems to be valid, so long as the moderate value ω ≈ 0.15−0.22 MeV, which is not too far from value used in the earlier IBM-2 phenomenology on the Hg isotopes [18] [19] [20] , is chosen. We have also confirmed that, e.g., in 186 Hg, the oblate and the prolate minima of the boson energy surface changes only by 20-30 keV in energy when the mixing interactionĤ mix is introduced.
We here comment on the uniqueness of the parameters used in the present work. There may exist other parameter sets which are very different from the one used here but which equally give a good fit to the microscopic energy surface. It is then necessary to adapt one set of parameters, which fits the microscopic energy surface but at the same time physically makes sense. We consider the following criteria, concerning the range and the boson-number dependencies, of the parameters so as to be more or less consistent with the knowledge from our previous results [48, 56, 63] for other isotopic chain and from earlier microscopic study of IBM base on the shell-model configuration (for instance, [17] ): (i) d-boson energy ǫ i should decrease in an isotopic chain with the number of neutron bosons toward near midshell. (ii) Quadrupole-quadrupole interaction strength κ i should be stable against nucleon number, but can slightly increase in its magnitude toward the shell closures. (iii) For oblate (neutron) deformation, the sign of the sum χ ν,i + χ π,i must be positive (negative), (iv) χ π,i can change but should be almost constant with proton boson number N π , and (v) if the minimum is soft in γ, the cubic term should have the non-zero interaction strength with the typical range κ ′′ i ≈ 0.1 − 0.2 MeV according to our earlier study [56] and other IBM-1 phenomenology, and the sum |χ ν,i + χ π,i | should be small in magnitude.
By performing the approximate mapping procedure step-by-step, we have employed the set of parameters which best fits the microscopic energy surface and which satisfies the conditions consistent with our earlier results. Nevertheless, due to a large number of parameters, restrictions in the analytical formula of the IBM energy surface and approximations mentioned above, taking a quantitative measure to evaluate the quality of the mapping is not as simple as in the case of a single configuration/minimum. Finally, we mention the difference between the procedure to determine the off-set energy ∆ intr in the present paper and the procedure taken in our previously published work on the Pb isotopes exhibiting spherical, oblate and prolate mean-field minima [49] . In Ref. [49] , the offset energy (denoted here as ∆ A ) was fixed to reproduce the energy difference between the spherical and the oblate/prolate HFB minima, as shown in Eq. (5) in [49] . Thus, the procedure to extract the ∆ A value in Ref. [49] is exactly the same as the one taken in the present paper to determine the ∆ intr value through Eq. (A1). In Ref. [49] , however, when diagonalizing the full Hamiltonian the ∆ A value had to be corrected by replacing it with the one defined in terms of the unperturbed 0 + 1 eigenenergies, denoted here as ∆ B , (see Eq. (8) in Ref. [49] and Appendix C of Ref. [19] ). The reason was that the 0p-0h Hamiltonian used in [49] did not gain the correlation energy (theQ ν ·Q π interaction term vanishes for the 0p-0p spherical configuration with N π = 0 in Pb nuclei) so that the ∆ A was too small a value to reproduce the empirical spherical-oblate/prolate band structure. In the present work, on the other side, since the 0p-0h configuration gains correlation energy for the 176−190 Hg isotopes considered here, we do not need to correct the ∆ intr value and use it in diagonalization without any modification. This is in contrast with the replacement of ∆ A with ∆ B in Ref. [49] .
